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We study the symmetric periodic Anderson model of the conduction electrons hybridized with
the localized correlated electrons on square lattice. Using the canonical representation of electrons
by Kumar, we do a self-consistent theory of its effective charge and spin dynamics, which produces
an insulating ground state that undergoes continuous transition from the Kondo singlet to Ne´el
antiferromagnetic phase with decreasing hybridization, and uncovers two inversion transitions for the
charge quasiparticles. With suitably inverted quasiparticle bands for moderate to weaker effective
Kondo couplings, this effective charge dynamics in the magnetic field coupled to electronic motion
produces magnetic quantum oscillations with frequency corresponding to the half Brillouin zone.
I. INTRODUCTION
The magnetic quantum oscillations periodic in inverse
magnetic field, namely the de Haas-van Alphen (dHvA)
effect [1], were long held to be an exclusive property of
the metals, and have provided the means to measure the
Fermi surfaces thereof (as noted by Onsager [2]). The
recent discovery of dHvA oscillations in SmB6, a Kondo
insulator, challenges this conventional view [3, 4]. It has
forced us to reexamine the physics of Kondo insulators,
and reconsider the dHvA effect. The origin of dHvA oscil-
lations in insulators (Kondo or otherwise) is a vigorously
pursued problem, with a growing number of theoretical
studies and some interesting proposals [5–13].
The Kondo insulators are a class of heavy-fermion
systems [14, 15], of which the SmB6 [16], YbB12 [17],
Ce3Bi4Pt3 [18] are some of the best known examples.
They behave as paramagnetic insulators (with small gap)
at sufficiently low temperatures. But at high tempera-
tures, they are Curie-Weiss metals. Recently, the quan-
tum oscillations have been reported to occur also in
YbB12 [19]. The basic physical setting of a Kondo in-
sulator involves the localized f electrons in hybridization
with the conduction electrons. The minimal model that
applies to the heavy-fermion systems is the periodic An-
derson model (PAM) with local repulsion, U , for the f
electrons and the hybridization, V , between the f and
the conduction electrons [15, 20, 21]. At half-filling, the
PAM describes the Kondo insulators.
To exactly realize the half-filling, it is common to
consider the particle-hole symmetric PAM with nearest-
neighbor conduction electron hopping, t, on bipartite lat-
tices [22–25]. The Hamiltonian of the symmetric periodic
Anderson model (SPAM) can be written as:
Hˆ =− t
∑
r,δ
∑
s=↑,↓
cˆ†r,scˆr+δ,s − V
∑
r
∑
s=↑,↓
[
cˆ†r,sfˆr,s + h.c.
]
+ U
∑
r
(
nˆfr,↑ −
1
2
)(
nˆfr,↓ −
1
2
)
(1)
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where r is summed over the lattice sites, δ denotes the
nearest-neighbors of r, the fermion operators cˆ†r,s (cˆr,s)
create (annihilate) the conduction electrons, fˆ†r,s (fˆr,s) do
likewise for the localized electrons, and nˆfr,s = fˆ
†
r,sfˆr,s.
In continuation of our recent work on magnetic quan-
tum oscillations in Kondo insulators [10], we in this paper
investigate the dHvA oscillations in the ground state of
the SPAM. The theory of Kondo insulators, as developed
by us for the Kondo lattice model (KLM) in Ref. 10, is
applied here to study the orbital response of the SPAM
to a uniform magnetic field. Notably, with this theory of
SPAM in the representation of electrons by Kumar [26],
we discover two inversion transitions, one each for the
charge quasiparticles with narrow and broad dispersions,
as V decreases for a given U . As for the KLM, here too,
we find the quasiparticle band inversion to be the key
determinant for the dHvA oscillations to occur or not to
occur. Hence, for the strong Kondo couplings (∼ V 2/U),
we see no dHvA oscillations. But in the regime of in-
termediate to weaker Kondo couplings, where the quasi-
particle bands are appropriately inverted, we obtain the
dHvA oscillations in the insulating ground state of the
SPAM both in the Kondo singlet and the ordered antifer-
romagnetic (AFM) phases. Notably, the magnetic oscil-
lations from the two kinds of quasiparticles are found to
be mutually out of phase, due to which a non-trivial par-
tial cancellation occurs. But still the net magnetization
prominently oscillates with a frequency that corresponds
to the half of the Brillouin zone (BZ).
This paper is organized as follows. In Sec. II, we for-
mulate a self-consistent theory of the spin and charge
dynamics of the SPAM. Using this theory, we describe in
Sec. III the magnetic quantum phase transition from the
Kondo singlet to the Ne´el AFM phase. We then describe
the properties of the charge quasiparticles in Sec. IV. In
particular, there we discuss the inversion of the charge
quasiparticle dispersions with decreasing V , for a fixed U .
Through this effective charge dynamics, in the Peierls-
coupled uniform magnetic field, we investigate and ob-
tain the dHvA oscillations in the insulating ground state
of the SPAM in Sec. V. We conclude in Sec. VI with a
summary of our key findings.
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2II. SELF-CONSISTENT THEORY OF CHARGE
AND SPIN DYNAMICS
To study the properties of the SPAM, we use the fol-
lowing canonical representation for c (conduction) and f
(localized) electron operators on the two sublattices (A
and B) of a bipartite lattice, as prescribed in Ref. 26.
While the present consideration applies to any bipartite
lattice, but later in this paper, we will work only on the
square lattice.
r ∈ A sublattice r ∈ B sublattice
cˆ†r↑ = φˆa,rσ
+
r cˆ
†
r↑ = iψˆb,rσ
+
r
cˆ†r↓ =
1
2 (iψˆa,r − φˆa,rσzr ) cˆ†r↓ = 12 (φˆb,r − iψˆb,rσzr )
fˆ†r↑ = iψ˜a,rτ
+
r fˆ
†
r↑ = φ˜b,rτ
+
r
fˆ†r↓ =
1
2 (φ˜a,r − iψ˜a,rτzr ) fˆ†r↓ = 12 (iψ˜b,r − φ˜b,rτzr )
(2)
In Eq. (2), φˆa,r = aˆ
†
c,r + aˆc,r, iψˆa,r = aˆ
†
c,r − aˆc,r and
φ˜a,r = aˆ
†
f,r + aˆf,r, iψ˜a,r = aˆ
†
f,r − aˆf,r are the Majorana
operators corresponding to the spinless fermions aˆc,r and
aˆf,r on the A sublattice. Similarly, φˆb,r = bˆ†c,r + bˆc,r,
iψˆb,r = bˆ
†
c,r− bˆc,r and φ˜b,r = bˆ†f,r+ bˆf,r, iψ˜b,r = bˆ†f,r− bˆf,r
are the Majorana operators corresponding to the spinless
fermions bˆc,r and bˆf,r on the B sublattice. The σ±r , σzr
and τ±r , τ
z
r are the Pauli operators. Here, the spinless
fermions describe the charge fluctuations, and the Pauli
operators describe the electronic spin (or pseudo-spin).
In this representation, the SPAM given by Eq. (1) on
a bipartite lattice reads as:
Hˆ =− it
2
∑
r∈A
∑
δ
[
ψˆa,rφˆb,r+δ + ψˆb,r+δφˆa,r (σr · σr+δ)
]
− iV
2
∑
r∈A
[
ψˆa,rφ˜a,r + ψ˜a,rφˆa,r (σr · τr)
]
− iV
2
∑
r∈B
[
ψ˜b,rφˆb,r + ψˆb,rφ˜b,r (σr · τr)
]
− U
2
[∑
r∈A
aˆ†f,raˆf,r +
∑
r∈B
bˆ†f,rbˆf,r
]
+
UL
4
. (3)
Following Ref. [10], we decouple the spinless fermions
from the Pauli operator terms in Eq. (3). In this ap-
proximation, the SPAM reads as: Hˆ ≈ Hˆc + Hˆs + e0L,
where e0 = −(ztζ1ρ1 + 2V ζ2ρ0)/4,
Hˆc =− it
2
∑
r∈A
∑
δ
[
ψˆa,rφˆb,r+δ + ρ1ψˆb,r+δφˆa,r
]
− iV
2
∑
r∈A
[
ψˆa,rφ˜a,r + ρ0 ψ˜a,rφˆa,r
]
− iV
2
∑
r∈B
[
ψ˜b,rφˆb,r + ρ0ψˆb,rφ˜b,r
]
− U
2
[∑
r∈A
aˆ†f,raˆf,r +
∑
r∈B
bˆ†f,rbˆf,r
]
+
UL
4
(4)
describes the effective charge dynamics of the SPAM, and
Hˆs =
tζ1
4
∑
r,δ
σr · σr+δ + V ζ2
2
∑
r
σr · τr (5)
is the model of its effective spin dynamics. Here, L is
the total number of lattice sites and z is the nearest-
neighbour coordination number. Note that in the Hˆs,
the r is summed over the entire lattice, unlike in the Hˆc,
where it is summed over one of the two sublattices. The δ
in both cases is summed over all the z nearest-neighbours.
The real-valued decoupling parameters ρ1, ρ0, ζ1 and ζ2
are given by the following expectation values.
ρ1 =
1
zL
∑
r,δ
〈σr · σr+δ〉 (6a)
ρ0 =
1
L
∑
r
〈σr · τr〉 (6b)
ζ1 =
2i
zL
∑
r∈A
∑
δ
〈φˆa,rψˆb,r+δ〉 (6c)
ζ2 =
i
L
〈∑
r∈A
φˆa,rψ˜a,r +
∑
r∈B
φ˜b,rψˆb,r
〉
(6d)
We compute these parameters self-consistently in the
ground states of Eqs. (4) and (5). In general, Eqs. (6)
are applicable at finite temperatures, but in this paper
we study the zero temperature (ground state) properties
only. We find the ground state of Hˆc by numerical Bo-
goliubov diagonalization, and that of Hˆs by doing triplon
analysis in the bond-operator representation [27, 28].
The details of these calculations are given below. Note
that the effective spin dynamics of the SPAM is similar to
that of the KLM [10], except now the effective Kondo in-
teraction, V ζ2, in Eq. (5) is determined self-consistently.
However, the charge dynamics of the SPAM is more com-
plex compared to that of the KLM, because it involves
the charge fluctuations of both c as well as f electrons.
A. Effective charge dynamics
To diagonalize the Hˆc of Eq. (4), we first rewrite it in
terms of the spinless fermion creation and annihilation
3operators using the definition of the Majorana operators
given below Eq. (2). It reads as follows:
Hˆc =− t
2
∑
r∈A
∑
δ
[
ρ1+ aˆ
†
c,rbˆc,r+δ + ρ1−aˆ
†
c,rbˆ
†
c,r+δ + h.c.
]
− V
2
∑
r∈A
[
ρ0+ aˆ
†
c,raˆf,r + ρ0− aˆ
†
c,raˆ
†
f,r + h.c.
]
− V
2
∑
r∈B
[
ρ0+ bˆ
†
f,rbˆc,r + ρ0−bˆ
†
f,rbˆ
†
c,r + h.c.
]
− U
2
[∑
r∈A
aˆ†f,raˆf,r +
∑
r∈B
bˆ†f,rbˆf,r
]
+
UL
4
(7)
where ρ1± = (1±ρ1) and ρ0± = (1±ρ0). Then, by apply-
ing the Fourier transformation, aˆϑ,r =
√
2
L
∑
k e
ik·raˆϑ,k
and bˆϑ,r =
√
2
L
∑
k e
ik·rbˆϑ,k (where ϑ = c, f), we get
Hˆc =
∑
k Ψ
†
kHkΨk in the k-space, where the Nambu
row-vector operator, Ψ†k, is defined as:
Ψ†k =
[
aˆ†c,k bˆ
†
c,k bˆ
†
f,k aˆ
†
f,k aˆc,−k bˆc,−k bˆf,−k aˆf,−k
]
(8)
and the corresponding column-vector, Ψk = [Ψ
†
k]
†.
Moreover, k ∈ half-BZ, γk =
∑
δ e
ik·r = |γk| eiϕk ,
and a gauge transformation, aˆ†c(k) → e−iϕk aˆ†c(k) and
aˆ†f (k) → e−iϕk aˆ†f (k), has been applied to absorb the
phase ϕk. The Hk is the following 8× 8 matrix:
Hk =
[
A B
−B −A
]
(9)
with
A = −1
4
 0 t|γk|ρ1+ 0 V ρ0+t|γk|ρ1+ 0 V ρ0+ 00 V ρ0+ U 0
V ρ0+ 0 0 U
 and (10a)
B = −1
4
 0 t|γk|ρ1− 0 V ρ0−−t|γk|ρ1− 0 −V ρ0− 00 V ρ0− 0 0
−V ρ0− 0 0 0
 . (10b)
We diagonalize the Hˆc by applying the Bogoliubov
transformation on Ψk. To do this, we define a unitary
matrix, Uk, such that
U†kHkUk =
1
2
[Ek 0
0 −Ek
]
(11)
where Ek is a diagonal matrix with Ek,1, Ek,2, Ek,3, Ek,4
as its diagonal elements, and
Ψ†kUk = Λ†k (12)
=
[
Λ†k,1 Λ
†
k,2 Λ
†
k,3 Λ
†
k,4 Λ−k,1 Λ−k,2 Λ−k,3 Λ−k,4
]
are the new canonical fermions describing the charge
quasiparticles. In terms of these quasiparticle operators,
the Hˆc is diagonal, and it reads as:
Hˆc =
∑
k
4∑
i=1
Ek,i
(
Λ†k,iΛk,i −
1
2
)
, (13)
where Ek,i > 0 , i = 1, 2, 3, 4 are the dispersions of the
charge quasiparticles. The ground state of the Hˆc is the
vacuum state, |0c〉, of the Λk,i quasiparticles with ground
state energy per site, eg,c = − 12L
∑
k,iEk,i.
In order to find the mean-field parameters ζ1 and ζ2,
we rewrite Eqs. (6c) and (6d) in the k-space, apply the
Bogoliubov transformation, Uk, and then calculate the
expectation values in the ground state of the Hˆc. Since
〈0c|Λ†k,iΛk,j |0c〉 = 0 and 〈0c|Λk,iΛ†k,j |0c〉 = δi,j , we get
the following equations to compute ζ1 and ζ2.
ζ1 =
1
zL
∑
k
4∑
i=1
[M˜ζ1(k)]i+4,i+4 (14a)
ζ2 =
1
2L
∑
k
4∑
i=1
[M˜ζ2(k)]i+4,i+4 (14b)
Here, M˜ζ1(2)(k) = U†kMζ1(2)(k)Uk with Mζ1(k) and
Mζ2(k) as the following 8× 8 matrices.
Mζ1(k) =

0 −|γk| 0 0 0 |γk| 0 0
−|γk| 0 0 0 −|γk| 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 −|γk| 0 0 0 |γk| 0 0
|γk| 0 0 0 |γk| 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0

(15)
Mζ2(k) =

0 0 0 −1 0 0 0 1
0 0 −1 0 0 0 −1 0
0 −1 0 0 0 1 0 0
−1 0 0 0 −1 0 0 0
0 0 0 −1 0 0 0 1
0 0 1 0 0 0 1 0
0 −1 0 0 0 1 0 0
1 0 0 0 1 0 0 0

(16)
B. Effective spin dynamics
We study the spin dynamics of the SPAM, given by
the Hˆs of Eq. (5), by doing the bond-operator mean-field
theory, as we did in Ref. 10 for the KLM. Since every
lattice site here has a pair of spin-1/2 operators σr and
τr, we can use the bosonic bond-operators, sˆr and tˆrα,
corresponding respectively to the local singlet and triplet
states with a physical constraint: sˆ†rsˆr +
∑
α tˆ
†
rαtˆrα = 1,
to describe the two spin-1/2 operators as [27]:
σαr =
(
sˆ†rtˆrα + h.c.
)− iαβγ tˆ†rβ tˆrγ (17a)
ταr = −
(
sˆ†rtˆrα + h.c.
)− iαβγ tˆ†rβ tˆrγ (17b)
4where α = x, y, z denote their three components (and
likewise, β and γ) and αβγ is the Levi-Cevita tensor.
Since the effective Kondo interaction, V ζ2, facilitates
the formation of local singlet between σr and τr, we for-
mulate a bond-operator mean-field theory of the Hˆs with
respect to this singlet state. In this theory, the reference
Kondo singlet state is described by the mean singlet am-
plitude: 〈sˆr〉 ≈ s¯, while the triplet fluctuations on top of
it are treated quantum mechanically. For further simpli-
fication, the interaction between the triplet excitations is
also neglected. These approximations basically amount
to rewriting Eqs. (17) as: σαr ≈ s¯
(
tˆrα + tˆ
†
rα
) ≈ −ταr .
Moreover, the exchange interaction between σr and τr
reads as: σr · τr ≈ −3s¯2 +
∑
α tˆ
†
rαtˆrα.
Under these approximations, the Hˆs takes the follow-
ing mean-field form:
Hˆs =
tζ1s¯
2
4
∑
r,δ,α
(
tˆ†r,α + tˆr,α
) (
tˆ†r+δ,α + tˆr+δ,α
)
+
V ζ2
2
∑
r
(
− 3s¯2 +
∑
α
tˆ†r,αtˆr,α
)
− λ
∑
r
(
s¯2 +
∑
α
tˆ†r,αtˆr,α − 1
)
, (18)
where the Lagrange multiplier, λ, is introduced to sat-
isfy the constraint on average. After doing the Fourier
transformation, tˆrα =
1√
L
∑
k e
ik·rtˆkα, it reads as:
Hˆs =
1
2
∑
k,α
{[
λ+
1
2
tζ1s¯
2γk
](
tˆ†kαtˆkα + tˆ−kαtˆ
†
−kα
)
+
1
2
tζ1s¯
2γk
(
tˆ†kαtˆ
†
−kα + tˆ−kαtˆkα
)}
+ e0L (19)
where k ∈ the full BZ, λ → (V ζ2/2 − λ) is the effective
chemical potential of triplons, γk =
∑
δ e
ik·δ, and e0 =[
λs¯2 − 52λ− 2V ζ2
(
s¯2 − 1/4)]. This triplon Hamiltonian
can be diagonalized by the Bogoliubov transformation:
tˆkα = t˜kα cosh θk − t˜†−kα sinh θk (20)
for θk =
1
2 tanh
−1
[
1
2 tζ1s¯
2γk
(λ+ 12 tζ1s¯
2γk)
]
. The t˜kα’s are the new
bosonic operators describing the triplon quasiparticles
with dispersion, εk =
√
λ(λ+ tζ1s¯2γk) ≥ 0, in term of
which the diagonalized Hˆs reads as follows.
Hˆs = e0L+
∑
k,α
εk
(
t˜†kαt˜kα +
1
2
)
(21)
Its ground state energy per site is given as: eg,s[λ, s¯
2] =
e0 +
3
2L
∑
k εk. By minimizing eg,s with respect to λ and
s¯2, we get the following equations whose solution deter-
mines λ and s¯2, and from which the decoupling param-
eters for the spin part can be obtained as: ρ0 = 1 − 4s¯2
and ρ1 = 4s¯
2(2V ζ2 − λ)/ztζ1.
s¯2 =
5
2
− 3
4L
∑
k
2λ+ tζ1s¯
2γk
εk
(22a)
λ = 2V ζ2 − 3λtζ1
4L
∑
k
γk
εk
(22b)
We determine ζ1, ζ2, ρ0 and ρ1 defined in Eqs. (6)
by numerically solving the Eqs. (14) and (22). In the
following sections, we discuss the physical behaviour of
the SPAM as obtained from this self-consistent theory.
III. MAGNETIC TRANSITION IN THE
GROUND STATE
We investigate the ground state properties of the
SPAM by self-consistently solving the Eqs. (14) and (22)
on the square lattice. In our calculations, we put t = 1,
and compute the parameters of the effective charge and
spin dynamics as a function of V for different values of
U . The data thus obtained for various mean-field param-
eters is plotted in Fig. 1. Notably, for large values of V ,
we get s¯2 → 1 and ρ0 → −3, which correctly implies a
perfect Kondo singlet state. However, as V decreases, s¯2
also decreases, and at a U dependent critical point, Vc,
the Kondo singlet phase undergoes a continuous transi-
tion to the Ne´el AFM phase. To this end, we calculate
the triplon dispersion, and follow the spin gap in the U -
V plane to generate the quantum phase diagram. We
also compute the charge quasiparticle dispersions, which
show the ground state to be insulating, and display two
inversion transitions. But first, we discuss the magnetic
transition in the ground state.
A. Triplon dispersion and spin gap
We compute the triplon dispersion, εk, as given in
Eq. (21). It is found to have an energy gap for large
values of V for any U . It remains gapped with decreas-
ing V upto a critical value, Vc. Thus, for V > Vc, the
system is in the spin-gapped Kondo singlet phase. At Vc,
however, the εk becomes gapless at k = Q = (pi, pi), and
stays gapless for V < Vc. The gapless nature of εk at Q
implies Bose condensation of triplons, which in turn im-
plies Ne´el antiferromagnetic order. This phase transition
by decreasing V occurs for any U , but at a Vc which de-
pends upon U . In Fig. 2, we have plotted the the triplon
dispersion obtained from our self-consistent calculations
for two different values of V on both sides of Vc for U = 4.
From the triplon dispersion, we calculate the spin gap,
∆s, as a function of V for different values of U . Since the
minimum of εk is always at Q, the spin gap is given by
the equation εQ = ∆s. That is, ∆s =
√
λ(λ− ztζ1s¯2).
The calculated spin gap, shown in Fig. 3 (top panel),
vanishes continuously at Vc, which implies a continuous
50.0 0.5 1.0 1.5 2.0 2.5 3.0
0.0
0.2
0.4
0.6
0.8
1.0
0.0 0.5 1.0 1.5 2.0 2.5
-3.0-2.5
-2.0-1.5
-1.0-0.5
0.0
0.0 0.3 0.6 0.9 1.2 1.5
0.4
0.8
1.2
1.6
U = 4
U = 6
U = 8
V
⇣2
⇣1
V
⇢1
⇢0
V
 
s¯2
FIG. 1. The mean-field parameters, ζ1, ζ2, ρ0, ρ1, λ and s¯
2,
of the charge and spin dynamics on the square lattice, as a
function of V for U = 4, 6 and 8 (given by the same legend
in all three plots). For large V , we get s¯2 → 1 and ρ0 → −3,
which implies a perfect Kondo singlet.
phase transition in the ground state. We observe that as
U increases, Vc also increases. Hence, the U supports the
AFM order, while the V favours the Kondo singlet. For
comparison, in the bottom panel of Fig. 3, we also present
the charge gap, ∆c (from our calculations discussed in
the next section). Notably, the ∆c is always non-zero
implying an insulating state.
B. Quantum phase diagram
We obtain the phase boundary between the Kondo sin-
glet and the Ne´el AFM phases in the U -V plane by meet-
ing the condition, εQ = 0, from the gapped side. It marks
V > Vc
V < Vc
0.0
0.5
1.0
1.5
2.0
U = 4
εk
Γ X M Γ
Γ X
M
FIG. 2. Triplon dispersion, εk, in the Brillouin zone of square
lattice, in Kondo singlet (blue dashed curve) and AFM phases
(red solid curve) at U = 4. It is gapped for V > Vc, and
gapless for V < Vc, where Vc marks the onset of gaplessness.
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FIG. 3. The spin gap, ∆s, and the charge gap, ∆c, vs. V
for U = 4, 6 and 8, on square lattice. The ∆s vanishes con-
tinuously as V approaches the critical point, Vc, implying a
continuous transition from the gapped Kondo singlet to the
gapless AFM phase in the ground state. The charge gap, ∆c,
is always non-zero implying an insulating ground state.
6the instability of the Kondo singlet phase towards mag-
netic ordering. It fixes the λ of the bond-operator mean-
field theory as: λ = ztζ1s¯
2. With this value of λ, after
a few steps of manipulation of Eqs. (22) that apply to
the gapped (Kondo singlet) phase, we get the following
equation for the critical hybridization.
Vc =
1
2
zt(s¯2 + 3y)
(
ζ1
ζ2
)
(23)
The self-consistent parameters of the spin part are found
to become constants at the phase boundary. They are
ρ0 = 1− 4s¯2, ρ1 = 12s¯2y and s¯2 = 5/2− 3x, where
x =
1
4L
∑
k
2 + (γk/z)√
1 + (γk/z)
and y =
1
4L
∑
k
(γk/z)√
1 + (γk/z)
are two constants. So, the critical hybridization, Vc, de-
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FIG. 4. Quantum phase diagram of the symmetric periodic
Anderson model on the square lattice in the U -V plane (with
t = 1), as obtained from our theory. From the large to mod-
erate values of U , it agrees qualitatively with the QMC phase
boundary [24]. But for small U ’s, it does not produce a Vc
(dashed line) that is expected to tend to 0 from the mean-field
treatment of the local repulsion.
pends implicitly upon U through the parameters ζ1 and
ζ2 of the charge part.
We calculate Vc as a function of U by numerically solv-
ing Eq. (23) together with Eqs. (14) and (22). It gives us
the phase boundary between the quantum paramagnetic
Kondo singlet phase and the Ne´el ordered antiferromag-
netic phase in the U -V plane. The resulting quantum
phase diagram is shown in Fig. 4. We see that the Vc
increases with U . This is consistent with the fact that
the effective Kondo exchange interaction in the SPAM
is J ∼ V 2/U [29, 30]. So, an increase in U reduces the
strength of the effective Kondo coupling that allows the
AFM order to survive upto the correspondingly larger
value of Vc. From the moderate to large values of U , our
theory produces a phase boundary that is in qualitative
agreement with quantum monte carlo (QMC) calcula-
tions [24]. However, for small U ’s, the mean-field theory
with Ne´el order is known to give a Vc that rapidly van-
ishes as U goes to zero [31], whereas the Vc from our
calculations tends to a non-zero value even when U be-
comes zero. It may be emphasized here that our theory,
by construction, is better suited for larger values of U .
IV. INVERSION TRANSITIONS FOR THE
CHARGE QUASIPARTICLES
Now let us discuss the nature of the charge quasiparti-
cles in our theory of the SPAM. To this end, we compute
the dispersions, Ek,i (for i = 1, 2, 3, 4), of the charge
quasiparticles, as defined in Eq. (13). These Ek,i’s are
the positive eigenvalues of the matrix Hk of Eq. (9). The
evolution of the charge quasiparticles’ dispersions with V
on the square lattice is presented in Fig. 5. Note that, for
any non-zero V , the pair of quasiparticle bands Ek,1 and
Ek,2 is always lower by a finite energy than the pair Ek,3
and Ek,4. Since the lowest dispersion, Ek,1, is strictly
non-zero for any V 6= 0, it implies an insulating ground
state with a finite charge gap (see the ∆c in Fig. 3).
For large values of V , we find the band Ek,1 (Ek,2)
to have the minimum (maximum) value at k = (0, 0)
(the Γ point), and the maxima (minima) at the |γk| = 0
contour where the two bands touch each other [see the
middle branch from (pi, 0) to (pi/2, pi/2) in Fig. 5, which
lies on the boundary of the half BZ of the square lattice].
Thus, they are mutually oppositely oriented. The bands
Ek,3 and Ek,4 look similar, except that they are very
narrow compared to Ek,1 and Ek,2 for large values of
V . However, upon decreasing V , they tend to become
broader. Eventually, for sufficiently small values of V ,
all the four bands have comparable bandwidths. But
something even more important happens upon decreasing
V , and that is the inversion of two of these bands.
Upon decreasing the hybridization, we see two inver-
sion transitions occurring separately for a narrow and a
broad charge quasiparticle band. In particular, we find
that as soon as V becomes smaller than a characteristic
value, Vi3, the Γ point becomes a point of local max-
ima for Ek,3, and its minimum shifts onto a contour
around the Γ point. To see this, take a look at the pur-
ple coloured dispersion curves in the top two plots of the
second column in Fig. 5. While the Ek,3 is undergoing
inversion, the Ek,4 shows no such change. Neither do
Ek,1 and Ek,2 show any qualitative change across Vi3,
but only for a while! As we reduce the hybridization fur-
ther, there comes a second inversion point, Vi1, at which
the lowest band, Ek,1, starts inverting by shifting its min-
imum away from the Γ point. Look carefully at the plots
of the first column in Fig. 5. Finally, for the V ’s suffi-
ciently less than Vi1, both Ek,1 and Ek,3 are fully inverted
and look pretty much like their respective partners, Ek,2
and Ek,4. Hence, as for the KLM in Ref. 10, the charge
quasiparticle bands of the SPAM also undergo inversion
transition. But here the inversion is richer by two! That
is, the SPAM exhibits two inversion transitions, first for a
70
1
2
3
4
5
9.240
9.245
9.250
9.255
9.260
9.265
0
2
4
6
8
0
1
2
3
4
5.24
5.26
5.28
5.30
5.32
5.34
5.36
5.38
0
1
2
3
4
5
0.0
0.5
1.0
1.5
2.0
2.5
3.0
3.5
3.9
4.0
4.1
4.2
4.3
4.4
0
1
2
3
4
0.0
0.5
1.0
1.5
2.0
2.5
3.2
3.4
3.6
3.8
4.0
4.2
0
1
2
3
4
0.0
0.5
1.0
1.5
2.0
2.5
3.0
3.5
4.0
0
1
2
3
4
0.0
0.5
1.0
1.5
2.0
2.5
3.0
3.5
4.0
4.5
0
1
2
3
4
0.0
0.5
1.0
1.5
2.0
0
1
2
3
4
0
1
2
3
4
Charge Quasiparticle Dispersions for U = 4
Ek,1 Ek,2 Ek,3 Ek,4 Ek,i for i = 1, 2, 3, 4
(0, 0) (pi, 0) (pi2 ,
pi
2 ) (0, 0) (0, 0) (pi, 0) (
pi
2 ,
pi
2 ) (0, 0) (0, 0) (pi, 0) (
pi
2 ,
pi
2 ) (0, 0)
V
de
cr
ea
si
ng
V = 3
V = 1.6
V = 1.1
V = 0.8
V = 0.7
V = 0.6
V = 0.4
FIG. 5. The evolution of the charge quasiparticles’ dispersions with respect to V on the square lattice. The dispersions, {Ek,1,
Ek,2, Ek,3, Ek,4}, are plotted along the high symmetry lines in the half Brillouin zone. We see the inversion happening first
for Ek,3 (second column; below Vi3 = 2.41) and then for Ek,1 (first column; below Vi1 = 0.96) as V decreases. In the third
column, all the four bands are plotted together. Note that the higher energy narrow bands become broader upon decreasing V .
narrow high energy charge quasiparticle band, and then for the lowest energy charge quasiparticle band. This
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FIG. 6. The inversion transition lines Vi1 (blue squares) and
Vi3 (orange triangles) correspond respectively to the charge
quasiparticle bands Ek,1 and Ek,3 of the SPAM (see Fig. 5).
For comparison, also shown here is the phase boundary (red
circles) between the Kondo singlet and Ne´el AFM phases.
is a novel finding for the symmetric periodic Anderson
model. In Fig. 6, we show the inversion transition lines
corresponding to Vi1 and Vi3 as obtained from our calcu-
lations, together with the magnetic phase boundary, in
the U -V plane.
We end this section with a remark on the charge gap,
∆c. The bottom panel of Fig. 3 shows ∆c as a function
of V for three different values of U . For strong hybridiza-
tion, the charge gap comes from the Γ point where Ek,1
is minimum. That is, ∆c = E(0,0),1. But for V < Vi,1,
due to the inversion of Ek,1, the ∆c comes from a con-
tour around the Γ point. This contour, upon decreasing
V , tends towards the boundary of the half Brillouin zone.
The behaviour of the charge gap here is similar to what
we had found for the KLM [10, 32].
V. QUANTUM OSCILLATIONS OF
MAGNETIZATION
Our past experience with the KLM shows that, with
inverted charge quasiparticle bands, the magnetic quan-
tum oscillations show up nicely even in the insulating
state. Since we do find the inversion to occur for the
charge quasiparticles of the SPAM, we are hopeful of see-
ing the dHvA oscillations here too. Therefore, we inves-
tigate the quantum oscillations of magnetization in the
ground state of the SPAM. For this purpose, we study
the orbital response of Eq. (1) with Peierls coupling to a
uniform magnetic field via the hopping term which now
carries a phase factor involving the vector potential, A,
and reads as: −t∑r,δ,s ei e~ ∫ r+δr A·dr cˆ†r,scˆr+δ,s. We take
A = −Byxˆ, for the magnetic field, B, along the zˆ direc-
tion. By rewriting the SPAM with Peierls coupling in the
representation of Eq. (2), we derive the following minimal
effective model of the field dependent charge dynamics.
Hˆ [B]c =−
it
2
∑
r∈A
∑
δ
{
cos(2piαryxˆ · δˆ)
[
ψˆa,rφˆb,r+δ+
ρ1ψˆb,r+δφˆa,r
]}
− iV
2
∑
r∈A
[
ψˆa,rφ˜a,r + ρ0ψ˜a,rφˆa,r
]
− iV
2
∑
r∈B
[
ψ˜b,rφˆb,r + ρ0ψˆb,rφ˜b,r
]
− U
2
[∑
r∈A
aˆ†f,raˆf,r +
∑
r∈B
bˆ†f,rbˆf,r
]
(24)
This is similar to what we had obtained for the KLM [10].
Here, α = eBa2/h is the reduced magnetic flux, with a
as the lattice constant. The ry and δˆ = δ/|δ| are the y
coordinate of r and unit vector for δ, respectively. For
α = 0, Eq. (24) reduces to Eq. (4).
To calculate the magnetization, M , versus B from this
Hofstadter like problem, we put the zero-field values of ρ0
and ρ1 (see Fig. 1) in Eq. (24), and numerically compute
its ground state energy per site, eg, as a function of α =
p/q for integer p = 1, 2, . . . , q on the square lattice. We
take q = 601 (a prime number). Using the definition:
M = −∂eg/∂α, we calculate M as a function of α.
In Fig. 7, we present the data from this calculation for
U = 4 and different V ’s. Note that for U = 4, the crit-
ical point is Vc = 0.7, and the two inversion points are
Vi1 = 0.96 and Vi3 = 2.41. Thus, in Fig. 7, by decreas-
ing V , we go across the critical point from the Kondo
singlet into the Ne´el phase, with inverted quasiparticle
bands. This data shows that we do get dHvA oscil-
lations in the Kondo singlet phase close to the critical
point, but they are less prominent compared to the oscil-
lations in the AFM phase. Note that for V > Vi3, that is
before the band inversion starts, we find the dHvA oscil-
lations to be completely absent. Moreover, in the range
Vi1 < V < Vi3, we begin to see very faint signatures of
the oscillations only very close to Vi1. But for the V ’s
sufficiently less than Vi1, with the bands having inverted,
the magnetic quantum oscillations are clearly visible and
become more pronounced upon decreasing V . Look at
the M for smaller values of α (. 0.25) in Fig. 7(a), or the
M/α for 1/α & 4 in Fig. 7(b). These numerical findings
in the insulating ground state of the SPAM strongly sug-
gest that the inversion of the charge quasiparticle bands
is an important factor in realizing the dHvA oscillations
in the Kondo insulators.
In Fig. 8, we present the magnetic quantum oscillation
data for a fixed V (= 0.6) and different U ’s. In this
case, the system is in the Ne´el phase for U > 2.45, and
the inversion occurs for U > 1.59. This data leads to the
same conclusions as drawn above. That is, the amplitude
of the dHvA oscillations grows by decreasing the effective
Kondo coupling (by increasing U here), and the inversion
of the charge quasiparticle bands is necessary for these
oscillations to occur.
By doing the Fourier transformation of the M/α vs.
91/α data in Figs. 7(b) and 8(b), we find the dominant
frequency of the dHvA oscillations to be ν0 = 0.5, as
shown in Figs. 7(c) and 8(c). This frequency corresponds
precisely to the area of the half BZ of the square lattice
(that is, the area enclosed by the contour, |γk| = 0; see
Fig. 10). Recall the Onsager’s relation, A = (2pi/a)2ν,
between the area A of an extremal orbit perpendicular to
magnetic field on a constant energy surface in the k-space
and the frequency ν (in units of h/ea2) of the dHvA os-
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FIG. 7. The dHvA oscillations in the insulating ground state
of the symmetric periodic Anderson model on square lattice,
for V = 0.75, 0.72, 0.7 (Kondo singlet) and 0.65, 0.6, 0.5 (Ne´el
AFM) for U = 4. The legend in (a) is common to all the plots.
The frequency, ν0 = 0.5, corresponds to the area of the half
Brillouin zone. The inset of (c) shows the Fourier amplitude
of the ν0 peak, with an empirical fit to 93.37(V − 0.8)2.
cillations. All of these findings for the SPAM are fully
consistent with what we had obtained for the KLM [10].
But there is more to these findings on the dHvA oscilla-
tions in the SPAM, as described below.
A. Hidden oscillations
Remember here we have two kinds of charge quasiparti-
cles described by two different pairs of dispersions, Ek,1(2)
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FIG. 8. The dHvA oscillations in the insulating ground state
of the symmetric periodic Anderson model on square lattice
for U = 2.42, 2.44 (Kondo singlet) and U = 3, 4, 5, 6 (Ne´el
AFM) for V = 0.6. The inset of (c) shows the Fourier ampli-
tude of the ν0 peak, with an empirical fit to 0.31(U − 1.35)2.
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FIG. 9. The magnetizations M12 and M34 from the two types of charge quasiparticles described by the dispersions Ek,1(2) and
Ek,3(4), respectively. The total magnetization M = M12 + M34. Notably the frequency ν1, with which the M34 oscillates, is
absent in the Fourier transform of the total M because of a cancellation by the oscillations of M12 with same frequency.
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FIG. 10. The area of the half Brillouin zone (enclosed by the
contour, |γk| = 0) corresponds to the oscillation frequency,
ν0 = 0.5, of the net magnetization, M . The shaded region
of area 0.184 (in units of 4pi2/a2) is enclosed by the contour,
|γk| = U/2t, where the energy of the localized quasiparti-
cles crosses the conduction electron quasiparticle bands in the
limit V → 0. Notably, the frequency, ν1 = 0.187 (of the os-
cillations of M34, cancelled by the out of phase oscillations of
M12) compares quite well with this area.
and Ek,3(4), shown in Fig. 5. They exhibit two separate
inversion transitions. But the data in Figs. 7 and 8 does
not say anything about their individual contributions to
the magnetic quantum oscillations. To get an insight into
this, we resolve the magnetization, M , into the magneti-
zation, M12, of the quasiparticles with dispersions Ek,1(2)
and the magnetization, M34, of the quasiparticles with
dispersions Ek,3(4), where M12 +M34 = M . We could do
this resolution because the two sets of energy bands are
separated by a gap [33].
In Fig. 9, we present the data for M12 and M34 to-
gether with M for three representative values of V below
the inversion point Vi1 and across the critical point Vc
for a fixed U(= 4). A careful look at the plots in the
first two columns reveals that the M34 oscillates out of
phase with respect to M12, and the total M is generally
dominated by M12 (particularly so for the lower values
of V ). The most interesting aspect of this data, revealed
by the Fourier transformation, is that the M34 oscillates
with a frequency, ν1, which is absent in the oscillations
of the total M . It looks surprising, but we understand
it as follows. See the Fourier transform of M12 reveals
two frequencies, ν0 (= 0.5) and ν1. Since M12 oscillates
out of phase with respect to M34, the oscillations with
11
frequency ν1 happen to cancel out completely. Thus,
inspite of the non-trivial magnetic oscillations exhibited
individually by the two kinds of quasiparticles, the net
magnetization oscillates with a frequency of 0.5 only. The
dHvA oscillations in the SPAM is an interesting case of
some hidden oscillations that cancel out.
The frequency of these hidden oscillations is better
resolved for smaller V ’s when the oscillations are more
prominent. We find ν1 ≈ 0.187, which is very close to
the area, 0.184, enclosed by the contour |γk| = U/2t.
See the blue contour in Fig. 10. This contour is where
the dispersions Ek,1(2) would touch Ek,3(4) in the limit
V → 0, or in other words, the energy of the f electron
quasiparticles crosses the band of the c electron quasi-
particles. Since Ek,1(2) are oppositely curved relative to
Ek,3(4) near this contour, the corresponding oscillations
of M12 and M34 (with frequency ν1) cancel each other.
VI. CONCLUSION
In this paper, we have studied the SPAM (symmetric
periodic Anderson model) on the square lattice, using the
theory of Kondo insulators that we first developed for the
half-filled KLM (Kondo lattice model) in Ref. 10. Our
approach appropriately produces the basic features of the
insulating ground state of the SPAM. By decreasing V
for a fixed U , we discover two inversion transitions for
the two types of charge quasiparticles. After the quasi-
particle bands have suitably inverted, our calculations
produce the dHvA oscillations in a uniform magnetic
field. Although the two kinds of quasiparticles exhibit
the magnetic oscillations of two frequencies, but due to
a cancellation, only the oscillations with frequency 0.5,
corresponding to the half Brillouin zone, survive. Thus,
our theory produces a consistent physical picture of the
inversion and magnetic quantum oscillations in the basic
models of Kondo insulators, viz, the half-filled Kondo lat-
tice model and the symmetric periodic Anderson model.
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